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Abstract—It is often assumed that the calibrations of heated wire and film anemometer probes depend upon
some relationship between the probe Nusselt number and Reynolds number based upon the component of
flow velocity normal to the probe. In practice departures from such a simplified behaviour are met due to
the influence of probe temperature, variations in molecular mean free path of the fluid, the conditions of
finite heat transfer as zero flow speed is approached and the onset of three-dimensional effects in the cooling
of yawed probes. In this paper the interacting effects of overheat ratio, Knudsen number, Péclét number,
length to diameter ratio, Grashof number and yaw angle are discussed. In particular, results are presented
which demonstrate the influence of the Péclét number and yaw angle upon the cooling relationships, the
variation of non-linear heat transfer with Knudsen number and departures from symmetric responses in
yawed flows. The measurements reported have been confined to cylindrical hot wire and hot film probes

operated at constant resistance.

NOMENCLATURE

coefficient representing asymmetric
heating of flow, equation (11);
constant in heat-transfer relation,
equation (6);

coefficient in heat-transfer relation,
equation (6);

diameter of cylindrical cross section;
Grashof number;

surface heat-transfer coefficient, a
function of T, averaged for the cross
section;

constant in equation for the heat-
transfer coefficient ;

probe heating current;

probe thermal conductivity, a func-
tion of T

Knudsen number (4/d);

total wire length;

wire length to diameter ratio;

m,

M,

Nu,

Pe,
Pr,
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index for cosine term in heat-transfer
relation;

Mach number;

index for incident flow speed in heat-
transfer relation;

Nusselt number, based on fluid con-
ductivity at free stream temperature;
Péclét number;

Prandtl number at free stream tem-
perature;

Reynolds number, based on cylinder
diameter:

wire total electrical resistance;

wire local temperature; a function of x;
ambient temperature;

temperature of fluid incident to wire,
a function of x;

position along the wire (x =0 at
centre);

thermal accommodation coefficient;
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B, coefficient in equation for the heat-
transfer coefficient;

7, ratio of specific heats of fluid;

g, surface emissivity of the probe surface;

A molecular mean free path length;

A, ratio of heat loss by conduction to the
wire ends;

0, resistivity of wire material;

G0 Boltzmann’s constant;

O Thompson thermoelectric coefficient;

T, nondimensional temperature based

on resistance law for tungsten wires.

1. INTRODUCTION

THE CALIBRATIONS of heated anemometer
probes (usually operated at approximately con-
stant temperature) depend primarily upon the
relationships which exist between probe surface
heat transfer rates and flow conditions over the
probe. In addition to this loss of heat from the
surface of an anemometer probe, the total
measured power loss contains a significant
component due to the conduction of heat into
the probe mountings. King [1] and many
subsequent investigators have used approximate
solutions for the temperature distributions in the
heated probe (a wire in most cases), from which
the conductive heat loss to the supports could
be estimated. Davies and Fisher [2] and others
have introduced numerical solutions to the
differential equation for the probe temperature
distribution, since it was found that the approxi-
mate analytic solutions did not match all the
required boundary conditions accurately due
to the simplifying ascumptions previously made.
It is then possible to find satisfactory solutions
in the more complicated situations, such as
those where the conductive heat loss to the
supports predominates over the surface heat
loss or where the wire is yawed and the distri-
bution of temperature becomes asymmetric.
These solutions will be discussed further in the
present paper.

1. (1) Cooling of cylinders with normal flow
The analyses of Boussinesq [3] and King [1]
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dealt with the well known half power law relat-
ing Nusselt (Nu) and Reynolds (Re) numbers
for large Péclét numbers (Pe = Re x Pr, where
Pr = fluid Prandtl number). King also derived
solutions for small Péclét numbers, his results
being, for large Péclét numbers

Nu = 1/n + 2,/(Pe/r) (1a)

and for small Péclét numbers

2
"~ log(1/Pe) + 0423

(1b)

Nu

More recently, Cole and Roshko [4] have
derived the result for low Péclét numbers in a
more accurate form, whilst Illingworth [5]
includes a second order term in an expansion
for the Nusselt number in terms of the Péclét
number. The analysis at low Péclét numbers
has been further refined using series solutions
for the Oseen equations by Wood [6] and Hieber
and Gebhart [7].

It may be seen from equation (1b) that, as the
Péclét number becomes very small, the Nusselt
number tends to zero. In practice, however,
some lower limit for the Nusselt number exists
due to the finite loss of heat measured in a
stationary ambient fluid by natural convection
and conduction in the fluid. This, therefore,
places a severe restriction on the use of this
relation as Pe — 0. This limiting condition has
been studied experimentally by Collis and
Williams ([8] and [9]), whilst a theoretical
discussion relating to the interaction of natural
convective and conductive heat transfer to the
fluid was given by Mahony [10]. Both of these
works showed that natural convective flows
were only a significant factor in the determina-
tion of the surface heat loss if the parameter
L /Gr (where L is the length to diameter ratio
of the wire and Gr is the Grashof number based
on the diameter) exceeded unity. For smaller
values of L \/ Gr, the heat transfer under static
fluid conditions was determined solely by the
conduction of heat through the fluid. Mahony
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gave the following results for L \/Gr > 1,

3
Nu =~ log, Gr {(2a)
and, secondly, for L \/Gr < 1,
1
= 2b
Nu log, 2L (2b)

provided that the Grashof number itself re-
mained small.

The non-linear dependence of the anemometer
heat loss upon surface temperature, apart from
variations introduced in the Grashof number,
has received considerable experimental atten-
tion. Davies and Fisher [2] proposed that the
heat transfer should be linearly related to the
fluid thermal conductivity of the fluid at the
probe surface temperature and reconciled this
behaviour with their measurements with fine
tungsten wires made in air at atmospheric
pressure. They also suggested that the index
relating the Reynolds and Nusselt numbers in
the range R < 44 had a value closer to 3 rather
than § as derived by King. Previously, McAdams
[11] and Douglas and Churchill [12], amongst
others. evaluated the fluid viscosity and con-
ductivity at the arithmetic mean of the wire and
ambient temperatures in order to reduce the
results at different overheat ratios to a common
relationship between the Nusselt and Reynolds
numbers. The nonlinear effect of probe tem-
perature is quite significant as the temperature
of the probe can exceed 400°C in gases and the
corresponding ratio of properties, such as vis-
cosity and conductivity, at the surface and in
the ambient fluid can be large. Whilst the
correlations for the various sets of data men-
tioned have been made on the basis of the fluid
properties at either ambient, arithmetic mean
or logarithmic mean temperatures, it appeats
that the suitability of each type of average will
depend upon the Péclét number and magnitude
of the variation of fluid conductivity. For ex-
ample, as Pe — 0 the fluid heat transfer becomes
conductive close to the wire and a logarithmic
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mean should be selected. Again, for small
temperature differences a linear average could
be adequate. In general, it appears preferable
to introduce the overheat ratio or surface
temperature as an additional independent vari-
able.

Comparison of measurements at different
gas flow densities introduces the effect of the
Knudsen number (Kn = A/d, where 4 = molec-
ular mean free path and d = probe diameter),
which can be used to find the flow Mach number
for any given Reynolds number from the re-
lationship

M = ReKn J(2/yn) 3)

where y = ratio of specific heats of the gas. It
follows that enly two of these parameters are
needed to specify the flow. The Mach number is
omitted as a separate independent variable in the
present paper, since all the experiments were
conducted with M < 0-5.

The majority of reported heat transfer meas-
urements for anemormeters in variable density
slip flows have been made with Re > 2 and have
been reviewed by Baldwin [13] and by Baldwin,
Laurence and Sandborn [14]. Analyses of slip
flow heat transfer from circular cylinders have
generally been restricted to subsonic flow,
introducing a modified temperature boundary
condition at the surface to an assumed vonti-
nuum external flow in order to provide a simple
model for analysis. This approach has been
adopted by Sauer and Drake [15] (using
numerical solutions) and Levy [16] amongst
others. The predicted heat transfer rates are
found to deviate quantitatively from the meas-
ured data, such as that of Winovich and Stine
[17] or Spangenberg [18]. The general trend of
the relationship between Nusselt, Knudsen
and Reynolds numbers is, however, predicted
correctly, there being a progressive reduction
of Nusselt number with increasing Knudsen
number,

Theoretical analyses are well developed for
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free molecular flow at large Knudsen numbers
(for example, the analyses of Stalder, Goodwin
and Greager ([19, 20]), Oppenheim [21]
and Bell and Schaaf [22]), the most significant
uncertainty being the value of the surface
thermal accommodation coefficient (). This
has been found to depend strongly upon the
surface condition and Wachman [23] and
Schaaf [24] have reported variations in the
available data for between 002 and unity for
tungsten. With zero incident flow speed Madden
and Piret [23] derived the following relationship
for all Knudsen numbers:

_ 8y A
2/Nu = 2/Nu, + wocPr(y D <_d>
— log, (1 + 24/4). 4)

The parameter Nu, may be regarded as the
continuum static condition Nusselt number
and was represented by Madden and Piret in
terms of a diameter b around the circular cylin-
der at which the temperature was equal to
ambient temperature, It is evident that Nu,
would have to correspond to the Nusselt num-
bers given by equations (2a) and (2b) as appro-
priate.

1. (ii) Cooling of cylinders yawed to the incident
Sflow

When anemometer probes are yawed at some
incidence to the flow, the heat loss is modified
due to the change of incident mass flux at the
probe (reduced by the cosine of the yaw angle),
the change from circular to an elliptical cross
section and the introduction of three-dimen-
sional effects along the whole probe. The use of
suitable trigonometric calibration laws at large
Péclét numbers has been discussed by Sandborn
and Laurence [26], and Baldwin, Laurence and
Sandborn [14], who correlated experimental
measurements on the basis of the normal com-
ponent of velocity to the probe. Webster [27]
used the following expression as suggested by
Hinze [28]:

Nu = A + By, (5)

M. R. DAVISand P. O. A. L. DAVIES

with
u, = ty(cos? 0 + a* sin? 6)

where u, = incident flow speed and § = yaw
angle.

The constant a was found to have a value of
0-2, being introduced to allow for the finite heat
loss when the flow was parallel to the wire.
This relationship has been treated in more de-
tail by Freihe and Schwarz [29] who con-
structed a suitable expression for a to match
their measurements made with fine wires and
cylindrical film probes, the latter operating at
Re > 44 where eddy shedding would occur in
the cylinder wake. Champagne [30] showed
that the coefficient a could be related empirically
to the wire aspect ratio (L) in his investigation
of the calibration laws. He also measured the
distribution of temperature along the wire by
an infra red technique. At a yaw angle of 557
his results indicated a slight asymmetry with a
downstream shift of the peak temperature as
might be expected.

From this discussion it may be seen that a
number of different factors influence the loss of
heat from anemometer probes and that they wiil
under certain conditions combine in a compli-
cated manner to determine the heat transfer
rate. It is one aim of the present paper to pre-
sent results which lie in the transition regions
between the regime of dominance of the indi-
vidual heat-transfer mechanisms, as well as to
develop more fully the application of numerical
methods to solve for the thermal equilibrium of
the probe. In particular, this latter aspect enables
measurements to be made where the surface
heat flux to the fluid is relatively low in relation
to the conduction to the supports, and also
permits a solution of the asymmetric cooling
problem.

2. HEAT TRANSFER FROM CYLINDRICAL
PROBES WITH FLOW NORMAL TO THE
CYLINDER AXIS

The overall nature of the calibration of a
constant temperature anemometer is illustrated
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by the series of experimental measurements
shown in Fig. 1. The presentation adopted is
intended to show the calibration in relation to a
general law of the form

Nu = A + BRe" {6)

where A, B and n are constants. The constant 4
will, of course, include the effects of conduction
to the supports and the finite heat loss rate at
zero Reynolds number. It may be seen that there
is a departure from a single law {approximating
to n = 0-45) at the larger Péclét numbers, the
index n approaching unity as the Péclét number
becomes small. For this particular probe the
parameter L ./Gr was less than unity and so
no effects due to natural convective flows were
observed as Pe — 0, the wire current calibration
approaching the intercept uniformly as Pe — 0.
Thus the low Péclét number calibrations appear
to take the form of a linear perturbation of the
total heat loss from the zero flow value. The
change in the calibration takes place in the
range 0-1 < Pe < 10, and thus corresponds to a
transition from a predominantly fluid conductive
surface cooling situation. The deviation of the
index n from the value 05 in the range Pe > 10
has been discussed by Collis and Williams [317,
Sandborn and Laurence [26] and Delleur [32],
and may be attributed to the finite length and
temperature loading effects experienced in prac-
tice. Previous authors have extended the range
over which the relationship of equation (6)
approximates their data by selecting a value of
E, (Fig. 1) which differs from the value obtained
at zero Reynolds number. However, it is evident
that this method cannot encompass a calibration
which approaches Re = 0 closely. It should also
be borne in mind that the representation of an
overall heat loss calibration by equation (6)
includes the conduction of heat to the supports.
Hence, the values of the constants introduced
may not necessarily correspond to those on the
basis of the surface heat-transfer process alone.

When the surface heat-transfer rate is small,
the interpretation of the total power loss measure-
ment requires the accurate solution of the thermal
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equilibrium equation so that the conductive heat
transfer to the supports and other heat loss terms
are accurately estimated. Davies and Fisher [2]
pointed out deficiencies in the use of approximate
analytic solutions of the type introduced by
King [1] and used subsequently by many others,
such as Lowell [33]. Accordingly, they adopted
a numerical integration method to solve the
equation for thermal equilibrium, enabling all
the temperature dependent properties of the
wire to be included. This method is also used
in the present work, the differential equation
for the wire temperature (T) as a function of
position {x) along the wire carrying current {i)
being as follows:

nd? d d 4i?
D S L o k(T -
4 dx ( Td:) +7rd2 pr —mdha{ To)
daT
— ey0gnd(T® — T%) + ogi o =0 7

dx

where k;, pr and h; are the temperature
dependent thermal conductivity, resistivity and
surface heat-transfer coefficient of the wire of
diameter d. The Thompson thermoelectric
coefficient is o, and ¢, denotes the surface radia-
tion emissivity, o, being Boltzmann’s constant.
The incident fluid and surroundings have a
temperature Ty, hy being an average coefficient
for the circular cross section. Solutions are
found to equation (7) by iterating for the unknown
heat-transfer coefficient h; and the temperature
gradient (dT/dx), . _, in terms of the wire total
electrical resistance and the temperature {T),... 4,
respectively. All the other terms in equation (7)
are measured or else assumed to have the proper-
ties which are available for tungsten. In this
way a wire calibration relating surface heat-
transfer coefficient to the heating current can be
built up from individual solutions. The form
of such a calibration is shown in Fig. 2 for a
particular tungsten wire.

The heating current required to maintain the
probe resistance (i.e. average temperature) at the
required level with zero convective surface heat
transfer (i.e. when mounted in a sufficiently low
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vacuum) is determined only by the geometry
and properties of the wire. Thus it is possible
to match the experimentally measured heating
current under vacuum conditions around the
wire to the current calculated from equation (7)
for this condition by making adjustments to the
wire properties and geometry until the two
heating current values correspond. The iterative
procedure thus adopted was to iterate for the
wire properties (that is, py, kp, etc) using the
experimentally measured value of i with hy =0
in equation (7). It was found that errors of less
than 05 per cent resulted in the computed wire
resistance, obtained by integrating numerically
along the wire, for these cases.

For the experimental measurements made
with a series of tungsten wires it was found that
the properties stated in Table 1 most nearly
satisfied all the different vacuum heating results,
and that the zero surface cooling case for any
individual wire could be matched by making
variations in resistivity of +2 per cent from the

Table 1. Properties of tungsten wire material

T~ 54) + T - 54\* Q

237 ) 7 P2 e
where T'is the temperature in degrees Kelvin.
Nominally pure tungsten: p, = 0, p, = 52, p, = 021
Values selected to match experimental heat loss data

measured under vacuumconditions:
po=12,p, = 50, p, = 0-20

Resistivity

pr=107°% x lf’o + I’u(

Thermal conductivity
R; =692 x (£> x 107%  Wem) 2 {°K)™!
Pr
Emissity of tungsten surfaces
er = — 0012 + 111 x 10747
Thompson coefficient for tungsten
or =34T x 1073V/K
Wire diameter

d=51x10"%cm
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values given in Table 1. A further discussion
of the selection of material properties was given
given by Davis and Davies [34], when it was
concluded that the nominal value for k; for
tungsten should be used and that the resistivity
law should be modified so as to most nearly
match all the wires tested. Care was maintained
in selecting wires, rejecting those which gave a
current more than 0-5 per cent below the required
value for the wire length, as this was interpreted
as indicating an increase in cold resistance due
to physical damage. The wires selected thus
required a heating current close to the maximum
for the whole set (of over 200 wires), taking
account of the wire length. Due to cancellation of
effects it was found that the variation of the
resistivity py required from one wire to another
would introduce a corresponding uncertainty of
+2 per cent in the calculated heat-transfer
coefficient provided the selected properties
always matched the experimental heating condi-
tions in a vacuum. A vacuum of 0-002 torr was
found to be adequate to establish an effectively
zero surface heat-transfer environment, as no
change of overall heat loss was observed when
the pressure was increased until a pressure of
0-010 torr was reached.

In order to simplify the iteration for the
unknown h; and the temperature gradient
(dT/dx),-._, in integrating equation (7), the
the following approximate overall heat balance
equation was introduced to relate these two
unknown quantities:

2
2R, = 2lndh, (T, — Tp) K + 2k, (4T
4 \dx/_,

®

where R, = wire resistance, 2] = wire length
and average values of wire temperature (T,))
and heat-transfer coefficient (h,,) are introduced.
The factor K as introduced in equation (8) is
only approximate and varied only between 1-0
and 1-15 for these symmetric solutions. The
iteration for K and h,, was found very sensitive
to the value for h,, and for cases where the
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surface heat loss exceeded the conductive loss
to the supports it was found that h,, had to be
evaluated to as many as 9 decimal places to
match the T,_ ,, boundary condition to +2°C.
This was due to the dominance of the convective
term in equation (8). where (d7/dx)_, is evaluated
as the difference of the other two terms and as a
result an increase in the value taken for h,,
decreased the value of (T),_ ,, obtained in the
solution. For cases of lower surface cooling
the effect was not as severe, and where the con-
vective loss was the smaller term in equation (8)
the value of h,, assumed was most significant
where it appeared in equation (7) during
integration, as the effect of an increase in the
assumed value of h,, then resulted in an increase

OSr

1 1

oo 01

1

10 10-0
Knudsen Number (’L/d)
FiG. 3. Heat transfer from a hot wire probe operated in a

variable density subsonic airstream.

Wire length = 0-194 cm Resistance = 1497 Q
Diameter = 5:1 x 107 *cm
Scale A: Wire voltage Scale B: Surface Nusselt number
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in the value of (T),. ,, obtained; i.e. the sense
of the iteration had to be reversed. Where the
convective and conductive (support) losses were
nearly equal the iteration became complicated
as two solutions could be found for h,,, only
one of which satisfied the resistance integral
condition. The solution at the boundary between
these two iterative regions was found to have only
a single solution as the solution moved from one
limb of the curve (T),_ ., = f(h,,) to the other,
the curve having a maximum value between the
two limbs.

The application of the calibration of Fig. 2to a
series of measurements made with the same wire
is shown in Fig. 3, the wire being mounted in the
potential core of a variable density convergent
nozzle operated by a suction pumping system.
The strong dependence of the Nusselt number on
Knudsen numpber is seen to be more marked for
the higher Reynolds number cases, where no

20 Nusselt Number
151 —
x
Re = 512/x/
10f "
R B
X
/)(
Re=0 22 x X
ost o~
/’(
R, = 4
v xoo/x
0 | L ) .
100 200 300 400

Wire Temperature (°c)

FiG. 4. Dependence of surface heat-transfer coefficient upon
surface temperature.
Wire length = 0-194 cm Diameter = 5-1 x 10™*cm
Knudsen number = 0-05.
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close approach to continuum conditions is
found for the range of Knudsen numbers covered.
At the lower Reynolds numbers, however, the
Nusselt number has become almost independent
of Knudsen number when Kn < 0-01. The results
for the Nusselt number were found to be tem-
perature dependent, as may be seen from Fig. 4
where the measurements at a fixed Knudsen
number but for varying wire average tempera-
ture are shown. In making the calculations des-
cribed above, the local heat-transfer coefficient
(hy) has been assumed to be constant, indepen-
dent of the local wire temperature and thus equal
to the average heat-transfer coefficient (4,,). The
dependence of the Nusselt number upon tem-
perature obtained from Fig. 4 was subsequently
used to form a linear empirical expression for i,
of the form hy = hy(1 + B(T — Tp)) as used by
Davies and Fisher [2]. However, repeating the
numerical solutions including this relationship
was not found to alter the result significantly

Nusselt
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for the average heat-transfer coefficient shown
in Fig. 4, and it was concluded that, for the rela-
tively small variation with the temperature shown
by these results, the approximation of assuming
a constant value for hy; during numerical
integration introduced no significant errors.
The experimental results may be compared
with the theoretical results of Sauer and Drake
[15] shown in Fig. 5. The experimental Nusselt
numbers are seen to rise much more rapidly
with Knudsen number, and it can be seen that this
effect is more pronounced at the higher wire
temperature. As will be mentioned in the’
following paragraphs, the heat-transfer coeffi-
cient is found to be independent of wire tem-
perature under free molecular flow conditions,
and it thus appears that there is a progressively
increasing temperature dependence with decreas-
ing Knudsen number in the slip flow region. The
temperature dependence of the Nusselt number
in continuum flow is thus approached smoothly

e Toy = 383%

_———— T, =168%

—— « wme Reference [15]

Number
20[ N\
\ A
Ry =512
151
Re = 158
10F ¢
Re =022
0.5»
R, =00
0

10 10
Knudsen Number (Mg}

Fig. 5. Comparison between experimental results and the
computed data of Sauer and Drake [15].
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from the free molecular situation by this steady
increase. Hence the non-linear behaviour of the
heat transfer makes a close comparison between
experiment and theory more difficult.

The results shown in Figs. 3-5 all include the

M. R. DAVIS and P.
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limiting case Re = 0, and it is found that similar
temperature and Knudsen number effects are
present for this condition as for the forced
cooling conditions. The results are compared
with equation (4) in Fig. 6, from which it may be

seen that the experimental Nusselt numbers are

considerably larger than the prediction of

Zim, equation (4). The expression used for Nu, in this
equation is of the form given by equation (2b),
since natural convective effects were not observed
as the wire was rotated in relation to the vertical
direction. The parameter L,/Gr had a value of
0-8, confirming this observation. Solutions for
the thermal equilibrium of the wires at this
condition showed that the surface heat loss to
the fluid was still approximately 75 per cent of
the overall heat loss and thus any variation of the
surface heat loss with wire orientation would
. 4 be detected in the total power loss measurement.
Km}gsen Number (32) From Fig. 6 it may be seen that the experiments
deviate significantly from equation (4) as con-

tinuum conditions are approached. although

1,000

Fi1G. 6. Heat transfer with no incident flow.
Wire length = 0-24 cm Diameter = 51 x 10"* cm

A: Equation (4) B: T,,=70°C C: T,, = 380°C. the general form of the transition to free molecu-
lar behaviour is correct. A good fit to the experi-
0 msr
Heat transfer
coefficient X A
{watts /em?  °c) o B
aC
x
+ D
o
0 010 +
a =086
(92
Ve
0005}
-3 +
0 1 1 L J
0 0.05 010 015 020

Reynolds Number

F1G. 7. Heat transfer from a hot wire probe in free molecular
flow.

Wire length = 0-19 cm Diameter = 51 x 10"*cm

AR, =962Q, T, = 160°C

B:R,=1135Q, T,,=243C

C:R, = 1266Q, T, =300C

D:R, = 1497Q, T, = 393°C.
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mental data may in fact be obtained by modify-
ing the value of Nu, in equation {4), although
some considerable part of the observed dis-
crepancies is due to the effect of wire temperature.
The close proximity of the hot wire supports to
the wire would also be expected to modify the
heat loss rates, and it seems that this has caused
the experimental Nusselt numbers to be larger
than expected due to the presence of cold
surfaces close to the wire.

Under conditions of free molecular flow, the
surface heat-transfer coefficient was found to be
independent of surface temperature, as illustrated
by Fig. 7 where a 5 micron wire was mounted
in a sonic low density jet, the mass flow rate
being controlled by varying the stagnation
pressure. The Stanton numbers calculated by

B A
AY

\
35 12h M= 116 \\

Y
30 \

11\ \\ \

25

20+
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Oppenheim {21] were used to calculate the
accommodation coefficient corresponding to
the best line through the data, a value of « = 0-86
being obtained for the tungsten wire in air. Due
to the small magnitude of the surface heat
transfer, the measurements were made by
accurately measuring the increase of heating
current over the heating current in a low vacuum,
no adjustments being made to the anemometer
system between the two readings. Similarly, the
heat-transfer coefficients were calculated by
accurately matching the vacuum heating equili-
brium condition by a suitable adjustment
of the wire properties and then calculating the
heat-transfer coefficients for small increases in
the heating current.

The measurements discussed in the preceding

|
01 tQ 10
Knudsen Number

FiG. 8. Heat transfer from a cylindrical thin film probe

operated in a variable density subsonic airstream.
Diameter of quartz coated film element = 53 x 107 ¢cm
Resistance (cold) = 7-42Q. Length of resistance element
= 0-106 cm. Resistance (hot) = 11-57 Q.

Scale A: Probe voltage
a: Mach number = 005

Scale B: Surface Nusselt number
b: Mach number = (-1,

¢: Mach number = 0-5.
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paragraphs have all been made using fine tung-
sten wires. Figure 8 illustrates a similar subsonic
slip flow calibration for a cylindrical quartz probe,
coated with a thin platinum film and with an
overall protective coating of quartz deposited by
a radio-frequency sputtering method. This probe
was supplied by Thermo-Systems Inc, of
Minneapolis-St. Paul, Minnesota. The increased
size of this probe has reduced the operating
range of Knudsen numbers by an order of
magnitude, the measurements having been made
for an identical range of pressure and flow rates
as in Fig. 3. A subsidiary, non-linear scale for
the probe Nusselt number has been calculated
for Fig. 8 on the assumption that the heat loss by
assumption that the heat loss by conduction to

O. A. L. DAVIES

the substrate and supports remained constant.
This loss by conduction only was measured
directly, with the probe mounted in a vacuum
chamber as for the hot wire experiments. The
assumption that the loss of heat by conduction to
the substrate remains constant will clearly intro-
duce some errors into the calculated Nusselt
numbers, although these should be no worse than
for the case of a hot wire since the effect of the
larger probe diameter is largely offset by its
lower thermal conductivity, the factor [ko(nd?/
4)] for the quartz probe being 46 per cent of that
for a 5 micron tungsten wire. Further uncertain-
ties are introduced by the gold painted connect-
ing sectors of the quartz cylinder to either side of
the heated film, which will become heated and
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Log (Cos 8}
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FiG. 9. Calibration of a hot wire probe as a function of yaw
angle.

Wire length = 0-24 cm
Diameter = 51 x 10~ *cm
A: Péclét number = 86

Resistance = 181 Q

B: Péclét number = 0-76.
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thus lose heat to the flow as well as modify the
temperature at the ends of the film. Since the
results of Fig. 8 demonstrate the general beha-
viour of the film probe adequately, full solutions
for the thermal equilibrium of the probe have not
been carried out in this case. However, the resuits
shown in Fig. 8 demonstrate that the larger thin
film probe is much less sensitive to pressure
changes than is a hot wire probe at similar flow
conditions due to its lower operating Knudsen
number range.

3. HEAT TRANSFER FROM HOT WIRE PROBES
WHEN YAWED TO THE INCIDENT FLOW
DIRECTION

Although it is possible to use a number of
methods for correlating the data obtained from
the calibration of yawed hot wire probes, the
results presented in Fig. 9 have been reduced
in order to show the wire response in relation
to the approximate heat-transfer law correspond-
ing to equation (6) for a yawed wire. Allowing
for some variation between the effects of yaw
and speed due to flow along the wire, the form
chosen is

Nu=A+4+ B V"cos" 8 9
where Vis the speed of the incident flow and 8
is the angle between the flow direction and a line
normal to the cylinder axis. Two indices m and
n are chosen so as to permit a limited discrimina-
tion between the effects of speed and yaw, and a
constant B’ is introduced. From Fig. 9 it may
be seen that the index m has a value of 06 at a
probe Péclét number (based on the cylinder
diameter} of 8:6, whilst at a lower Péclét number
{Pe = (-76) the index m has a value of 0-81. These
values apply for the slope of the yaw calibration
at § = 45°, It appears that there is a tendancy
for m to increase slightly with increasing yaw
angle, particularly at the lower Péclét number
where it appears that m varies in the range
m > 0-75. The data on which Fig. 9 was based
were taken at 1° intervals of yaw angle for a full
range of —190° < 8 < +190°. This enabled the
flow direction to be determined from the hot
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wire calibration. Five readings of wire voltage
were taken at each position using an automatic
digital data recording system, the average of
these being used as the basis for the values
indicated by Fig. 9.

The extent to which three-dimensional flow
effects give rise to an asymmetric response of the
hot wire probe can be measured in terms of the
ratio of the heat losses by conduction to the
upstream and downstream supports. This ratio
can be measured experimentally by mounting a
thermocouple at the tip of one of the supports,
the heat loss to the support being proportional
to the indicated temperature rise. The ratio of
upstream to downstream conductive end losses
to the supports is simply obtained by rotating
the probe through 180° so that the thermo-
couple is successively at each position. In
practice it is also necessary to measure the
thermoelectric signal as the average of two
values with the wire heating current reversed in
direction, since there was generally a significant
voltage generated in the thermoelectric circuit
by the heating current at the position where the
thermocouple was soldered to the probe. This
current reversal also causes the Thompson
effect term in the equilibrium equation to be
eliminated on the average of the two readings
and, since the effect was found to be small
(giving rise to less than 5 per cent difference
between the heat loss from the ends of 2 2 mm
tungsten wire, 5 mm in diameter), the term
has not been included for the solutions reported
here. The Thompson heating term had a negligible
effect on the overall balance of energy, as it
averages to zero over the wire length.

It may be seen that equation (7) is of the form

22 ()]

dx?

if the Thompson effect is omitted and hence
solutions will always be symmetric about points
of maximum temperature. To introduce asym-
metry into the solution, some modification to the
surface heat-transfer term is required, since it is
due to the effects of the flow that asymmetry

(10)
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occurs. The simplified model which is now
introduced allows the fluid incident temperature
to vary along the wire, replacing 7; in the con-
vective term by T,(x). This then represents the
heating of the flow at upstream sections of the
wire before passing over downstream sections,
T,(x) increasing with x. Where the flow is not
parallel to the wire, these increases will arise
due to the diffusion of heat at right angles to the
streamlines. From this it is expected that the
magnitude of the increase in 7,(x) along a yawed
wire will be greater at small Péclét numbers, as
the factor (1/Pe) determines the extent of heat
diffusion across the streamlines. In order to find
a solution for T,(x), it is assumed that the rate of
increase of T,(x) is proportional to the local
heat transfer from the wire to the flow. That s

dT,
—2 = ayndh (T — T,)

dx (n

where a, is a constant of proportionality. This
differential equation for T,(x) is solved together
with a modified equilibrium equation for the
wire,

nd? d [ dT\  4i%p
T&("T&T) t o~ (T T)
— eg0ond(T* — T§) = 0. (12)

The coefficient a, is the only additional unknown
introduced into these asymmetric equations and
is determined iteratively by matching the solu-
tion for T(x) to the required ratio (A) of end
losses, where

(dT/dx).,,

(dT/dx) | (13)

|

The iterations for the heat transfer coefficient
and correction factor K proceeded as for the
symmetric solutions, except that the average
energy balance equation was modified to become

2R, = K .nd . 2lh,(T,, — Too) + (1 + Ak,

nd? T
dx /_,

7 ‘ (14)
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Solutions were carried out with A > 1, so that
x = —[ corresponded to the upstream end of
the wire. Estimates of the average fluid tempera-
ture T,,, were based on the approximate
average equation

TZav B TO _ alndhav‘ 7;\/ - TZaV)
2] - 2

< Z

(15)

which, when re-arranging to give an expression
for the average fluid temperature, becomes

T, - T,

av

T T Vimdh, lay)

L. =T (16)

The value of 7,,, may then be substituted into
equation (14). It was found that the correcting
factor K still lay in the range 095 < K < 1'151in
spite of this additional approximation. The
iterations for the unknown K and a, were made
to converge more rapidly by linear interpolation
for the former in terms of the integrated resis-
tance of any solution for T(x) and for the latter
in terms of the ratio A. There was not found to be
any strong interaction between these iterations,
the most difficult part of obtaining any solution
still being the determination of the heat transfer
coefficient to the eight or nine significant figures
required to generate the temperature gradient
(dT/dx)_, from equation (14) with sufficient
precision to match the boundary condition
T(+1) to the required accuracy.

Solutions obtained for two different incident
flow speeds on the basis of the measured values
of the ratio A are shown in Fig. 10. It can be seen
that a significant asymmetry in the distribution
of temperature only occurs at large angles of yaws
in excess of 70°, the maximum downstream shift
in the location of the peak temperature being
approximately 30 per cent of the wire length
from the centre in each case. A comparison of the
results shown in Figs. 10a and 10b shows that the
asymmetric effects are confined to a smaller
range of yaw angles near to parallel flow at the
higher Péclét number. This effect would be
expected on the basis of a smaller cross-flow
diffusion of heat at the higher Péclét number.
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Wire Temperature

Locat flow
Temperature

90°

-10

FiG.

Xy ——— +1-0

10. Distribution of temperature along a yawed wire

computed from asymmetric and loss data.

Wire length = 0-17 cm
Diameter = 51 x 107*cm
{a) Péciét number = 14

Values of the measured ratio and the coefficient
a, corresponding to these solutions are given in
Table 2, where it is seen that the surface heat-
transfer coefficient at high yaw angles increases
quite significantly instead of continuing to
decrease with a yaw as might be expected from
the application of a cosine law to the measured
total power loss. For these experiments with air

Resistance = 1475 Q

{b) Péclét number = 113,

flowing over a fine wire, with a Prandtl number
of order unity, it would be expected that the onset
of significant three-dimensional flow effects
would correspond to the development of a signi-
ficant three-dimensional temperature effect
around the wire, as represented by T,(x). In con-
sequence, the change of behaviour of the heat-
transfer coefficient, which would depend upon
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Table 2. Measurements with yawed wires

Wire length = 017 cm

Resistance = 1475

Heat-transfer Assymmetric

Incident flow speed Yaw angle  Wire voltage End loss ratio coefficient factor
{average value) a
{m/s} (6°) E=iR (V) A (W/cm?°C) (' C/W)
0 1-00 1-00 0530 0
30 098 104 0516 320
45 096 1-09 0-503 715
60 093 1117 0-487 1441
4-88 75 0-89 1-39 0-483 3377
{Pe = 1-07) 80 0-88 1-72 0-538 5614
85 0-87 2:52 0673 9425
90 0-86 320 0782 11810
0 1-34 1-00 1-015 0
30 1-32 1-02 0993 72
45 1-28 1-04 0938 149
60 1-23 1-08 0-871 327
42-1 75 113 1-16 0-749 797
(Pe = 92} 80 1-10 1-30 0-747 1509
85 107 1-80 0-838 3583
099

32 1030

the flow over the wire, would be expected to cor-
respond with the occurrence of asymmetry, as
has been measured. Further, the development of
a three-dimensional flow over the wire would
introduce a departure from the simple cosine
behaviour of the probe Nusselt number, the
Reynolds number characterizing the flow increas-
ing as the situation changes towards a slender
rather than a bluff body type of flow. The heat-
transfer coefficient would be expected to vary
along the wire at high yaw angles, with larger
values near to the upstream end which would
contribute to the downstream shift of the peak
temperature. However, in view of the difficulty
in setting up even an approximate model for the
variation of heat-transfer coefficient, due to
uncertainties in the upstream end flow boundary
condition as well as the problem of flow past
a sharply yawed cylinder, the results presented
have been based on a constant heat-transfer
coefficient along the wire.

The temperature dependence of the heat-
transfer coefficient has been included in these
solutions, although it has no great influence on
the overall average results as discussed in

section 2. The form hy = hy{l + 20 [(T — 54/
237]} proposed by Daviesand Fisher [ 2] has been
used, although the results of section 2 might
suggest a rather smaller temperature dependence
of the heat-transfer coefficient. From the results
it is seen that the measured heat loss continues to
reduce with yaw angles due to the counteracting
effect of the reduced average temperature dif-
ference (T,, — T,,,) on the increased heat-
transfer coefficient at high yaw angles.

A simple visual confirmation of the occurence
of asymmetric temperature distributions can be
obtained by heating the wire above the oxidation
temperature for the metal of which the wire is
made. The resulting surface oxidation pattern
may be used to locate the point of maximum
temperature and to estimate qualitatively the
distribution of temperature along the wire.
With a tungsten wire a white oxide material is
formed and usually penetrates the wire leading
to a fracture at the point of maximum tem-
perature. Figure 11 shows two wires which have
been fractured in this way; with the flow normal
to the wire the fracture was located centrally,
whilst with the flow parallel to the wire the point
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Fic. 11, Location of maximum temperature position on a hot wire by oxidation due to heating.
Wire length = 0-2 cm Diameter = 5-1x1074 ¢m
Air flow at atmospheric pressure, speed = 5-2 m/s.
(a) Flow normal to wire (b) Flow parallel to wire (moving left to right)

HM, [ facing page 1674)
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of maximum temperature is seen to have moved
25 per cent of the wire length towards the down-
stream end. Within the accuracy of this experi-
ment, where the wire is heated to more than the
normal operating temperature, this result is in
agreement with a computed shift of 27 per cent
for the same flow conditions (corresponding to
Fig. 10a). Champagne [30] measured the distri-
bution of temperature along a wire yawed
at 55°, using an infra-red detector to view a
0-001 in. dia. wire. His results indicated a shift
of 10 per cent of the wire length for the down-
stream movement of the peak temperature posi-
tion at 5-6 m/s, which compares acceptably with
an estimate of 8 per cent for this same flow speed
by interpolating between the solutions given
Table 2. For the case of flow over a sharply
yawed wire the wire length would be the para-
meter to be used in computing the Péclét number
to indicate the extent of cross stream diffusion of
heat and thus the different diameter of wire
used by Champagne would not be expected to
influence the onset of asymmetry generated by
this effect.

4. CONCLUSIONS

The application of numerical integration to
the iterative solution of the steady energy balance
equation for a hot wire has been satisfactorily
extended to permit solutions for the surface heat
transfer rate over a full range of surface cooling
rates in terms of the total measured power loss.
The application of this method of calibration
to a series of variable density experiments at
subsonic Mach numbers has shown that there
is an increasing dependence of the surface
Nusselt number upon surface temperature as
the Knudsen number is reduced. In the limit of
large Knudsen numbers (> 10) it was found that
there was then no dependence of the Nusselt
number upon surface temperature. The thermal
accommodation coefficient for the tungsten
wires used in the air flows was then found to be
0-86. In the limit of small Knudsen numbers,
continuum heat-transfer conditions were
approached less rapidly at larger values of the
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probe Péclét number and larger surface tem-
peratures. The heat loss in conditions approxi-
mating to continuum flow was found to depend
upon the Péclét number, a behaviour similar
to King's law being approached only for large
Péclét numbers {Pe > 10). The behaviour of
cylindrical hot film probes was found to be simi-
lar, apart from changes associated with the
smaller probe Knudsen numbers.

When a hot wire is yawed to the flow it has
been found that the yaw calibration can be
approximated by the cosine of the yaw angle
raised to some power m. The index m was found
to vary slightly with the mean yaw angle,
particularly at the lower values of the Péclét
number. The value obtained for m was found to
reduce with increasing Péclét number, corres-
ponding approximately to the reduction of the
index n.

The development of significant asymmetric
heating effects when a probe is yawed to the flow
wire has been found to be confined to a range
of relatively high yaw angles. The distribution
of wire temperature has been calculated in terms
of the ratio of the heat loss to the two probe sup-
ports. The resulting shift in location of the
maximum temperature point has been confirmed
by the measurements of Champagne [30] and
also by a simple experiment in which the wire was
heated to its oxidation temperature. The range
of yaw angles over which significant asymmetry
was detected was greater at the smaller Péclét
numbers, A corollary of the interaction of the
thermal wake from upstream sections of the
wire on heat transfer from downstream sections
is that the overall average Nusselt number cal-
culated from the measured power loss is in-
creased. Such an increase is not unexpected, since
the probeistending towards aslender body rather
than a bluff body configuration as the yaw angle
becomes large.

In conclusion, it may be seen that the response
of cylindrical anemometer probes depends upon
a number of distinct convective heat-transfer
mechanisms. It has been shown by the results
presented that for a range of conditions relevant
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to practical anemometry the heat transfer
cannot be approximated by any single approxi-
mate mathematical model, since there is a signi-
cant interaction between the différent indepen-
dent variables. In particular, the interacting
effects of Knudsen number, overheat ratio,
Péclét number and yaw angle have been
demonstrated.
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FACTEURS INFLUENCANT LE TRANSFERT THERMIQUE A PARTIR DE SONDES
ANEMOMETRIQUES CYLINDRIQUES

Résumé—On suppose souvent que les étalonnages de sondes anémométriques 4 fil ou film chaud dépendent
d’une loi entre le nombre de Nusselt relatif 3 la sonde et le nombre de Reynolds basé sur la composante de
vitesse d’écoulement normale a la sonde. En pratique des écarts rencontrés 2 un tel comportement simplifié
sont dus & l'influence de la température de la sonde. aux variations du libre parcours moyen du fluide,
aux conditions d’un transfert thermique fini quand la vitesse nulle du fluide est approchée et a P'existence
d’effets tridimensionnels dans le refroidissement de sondes en attaque oblique. Dans cet article on discute
les effets d"interaction du rapport de surchauffe, du nombre de Knudsen, du nombre de Péclét, du rapport de
la longueur au diamétre. du nombre de Grashof et de 'angle d’attaque. En particulier on présente des
résultats qui démontrent I'influence du nombre de Péclet et de 'angle d’attaque sur la loi de refroidissement.
la variation non linéaire du transfert thermique avec le nombre de Knudsen et les écarts aux réponses
symétriques dans des écoulements en attaque oblique. Les mesures rapportées ont été restreintes aux
sondes cylindriques 3 fil et film chauds utilisés 4 résistance constante,

FAKTOREN, DIE DEN WARMEUBERGANG AN ZYLINDRISCHEN
ANEMOMETERSONDEN BEEINFLUSSEN

Zusammenfassung—Es wird oft angenommen. dass die Eichungen von Hitzdraht- und Heissfiim-
Anemometersonden von einer Bezichung zwischen der Nusselt-Zah! der Sonde und der mit der zur Sonde
senkrechten Geschwindigkeitskomponente gebildeten Reynolds-Zahl abhidngen. In Wirklichkeit werden
Abweichtingen von einem solchen vereinfachten Verhalten festgestellt, die vom Einfluss der Sonden-
temperatur, von Anderungen in der mittleren freien Weglinge des Fluids, von den Bedingungen eines
endlichen Wirmeiibergangs bei verschwindend kleiner Geschwindigkeit und dem Aufireten drei-
dimensionaler Effekte bei der Kithlung schraggesteliter Sonden herrithren. In dieser Arbeit werden die
Wechselwirkungen von Uberhitzungsverhiltnis, Knudsen-Zahl, Peclet-Zahl, Langen-Durchmesser-
Verhiltnis, Grashof-Zahl und Anstellwinkel erértert. Insbesondere werden Ergebnisse gebracht, die den
Einfluss von Peclet-Zahl und Ansteliwinkel auf die Kiihibeziehungen, die Anderung des nichtlinearen
Warmeiibergangs mit der Knudsen-Zahl und die Abweichungen bei schriggestellten Sonden von den
Ergebnissen bei symmetrischer Anstrémung zeigen. Die gezeigten Messungen sind auf zylindrische
Hitzdraht- und Heissfilmsonden beschrinkt, die bei konstantem Widerstand arbeiteten.

DAKTOPLI, BJAUAIOMME HA IIEPEHOC TEIJIA OT HUWJINHAPUYECKNX
AHEMOMETPUYECKEHNX 30HJIOB

AusoTanud—O0bMHO CUNTASTCHA, 4YTO TPAAyUPOBKHM 30HAOB TeIUIOBOR HpPOBOJOYKH M
IJIEHOYHOTO aHEMOMEeTPA 3aBUCAT OT HEKOTOPOro COOTHOUIEHMA Memay uuciaom HycceanTa u
uucnom PeliHojbjca, ONpeiefieHHLIM TI0 KOMIOHEHTe CHOPOCTH TIOTOKA, NEPIEeHRUKYNAPHOH
K 3oHZY. Ha npaxTike OTKACHEHMA OT TAKOTO YIPOIPHHOTO COOTHOUIEHUS BCTPEYAOTCH
B CMIYy BIMAHMA TeMOepaTyph 30HIA, M3MeHeHWN cpefHeil HMMHE cBo0OmHoro mpobera
MOJEKYJ CPelbl, YCIOBUR OrpaHuveHHOrO MePeH0Ca Tenja Mo Mepe JOCTHMEHHA HYNeBOH
CROPOCTH TRUCHUSA M TPEXMEPHHIX dPPeKTOB NP OXJIVKASHNY 30HI0OB ¢ HAKJIOHHBIMH HUTAMH,
B crarbe obcymnanrca sddenTs BaauMOKeCcTREA CTeNeHN meperpesa, 4Mcna Kuynmcema u
Ilexne, oTHOWeHUA NJIMHH K JuamerTpy, uncna I'pacroda u yria mawmona. B wacraocrw,
NpEACTABAECHH PE3YIbTATE, KOTOPLIC AEMOHCTPHPYIOT BiKARNe Yucaa [Texne # yria HaKIoHA
Ha COOTHOLIEHMA [JIA OXJIAMNCHMA, N3MEHeHMEe HeJIMHEHHOro mepeHoca Ternia nojx BIUAHUeM
uucna HHyceHa W OTKIOHEHHE OT CHMMETPUYHHIX XAPaKTePUCTHK B MOTOKAX, HAKIOHHHIX
0o OTHOWEHWIo K 30HRY. IlpefcTaBieHunie pesysihTaTH HBMepeHUl OrpaHHYeHH 30HIAMU C
UMJINHAPUHYECKON HArpeToil HUTBIO M TOpAYMeld NUIEHKOH, JeiCTBYIOLIMMU NpH MOCTOAHHOM
COMPOTHUBIICHUY.



